A new fifth-order shear and normal deformation theory (FOSNDT) is developed for the static bending and elastic buckling analysis of functionally graded beams. The properties of functionally graded material are assumed to vary through the thickness direction according to power-law distribution (P-FGM). The most important feature of the present theory is that it includes the effects of transverse shear and normal deformations. Axial and transverse displacements involve polynomial shape functions to include the effects of transverse shear and normal deformations. A polynomial shape function expanded up to fifth-order in terms of the thickness coordinate is used to account for the effects of transverse shear and normal deformations. The kinematics of the present theory is based on six independent field variables. The theory satisfies the traction free boundary conditions at top and bottom surfaces of the beam without using problem dependent shear correction factor. The closed-form solutions of simply supported FG beams are obtained using Navier's solution procedure and non-dimensional results are compared with those obtained by using classical beam theory, first order shear deformation theory and other higher order shear deformation theories. It is concluded that the present theory is accurate and efficient in predicting the bending and buckling responses of functionally graded beams.
INTRODUCTION
Today great emphasis is being placed on developing new materials or material systems tailored for specific applications. Currently the main focus of the researcher is to develop new composite
Latin American Journal of Solids and Structures 14 (2017) 1893-1911
materials due to enormous benefits like improvements in material performance, ability to support optimized structural designs, continued lowering of manufacturing costs, and the ability to perform reliably in service. The traditional composite material is incapable to employ under the hightemperature environments and may fail due to delamination or stress concentration. A functionally graded material (FGM) is a novel class of material having unique characteristics and can be used alternatively to overcome the delamination failure that usually occurs in laminated composites. FGM have received major attention as a heat-shielding advanced structural material in various engineering applications like automobile, aircraft, aerospace projects and defense industry.Functionally graded materials (FGMs) are those in which the volume fraction of two or more materials is varied continuously as a function of position along certain directions of the structure (normally in thickness direction). The FG materials are generally ceramic and metal constituents. The ceramic constituent provides high-temperature resistance due to its low thermal conductivity; whereas the ductile metal constituent prevents fracture caused by stresses due to the high temperature gradient in a very short span of time and provides stronger mechanical performance.
Functionally graded material is the first time developed in 1984 by a group of material scientists in Japan during a space plane project in the form of thermal barrier material which can withstand a huge temperature fluctuation across a very thin cross-section. Development in FG material and its applications can be found in the literature by Koizumi (1993 Koizumi ( , 1997 , Muller et al. (2003) and Byrd (2006, 2007) . Rasheedat et al. (2012) discussed the various processing techniques and interdisciplinary applications of FGM. The more information on beams and plates made of FGM is found in Jha et al. (2013) and Swaminathan et al. (2014) .
The well-known elasticity solution for simply supported functionally gradient beams subjected to sinusoidal loading was developed by Sankar (2001) . Material properties are assumed to vary according to an exponential law. Further, few more researchers have presented research on elasticity solutions for functionally graded beams Zhong and Yu (2007) , Daouadji et al. (2013) , Chu et al. (2015) . 2D elasticity solutions for thick functionally graded beams are analytically very difficult and computationally cumbersome. Therefore, several analytical and numerical methods have been proposed by researchers to analyze the FG beams accurately using approximate lower and higher order shear deformation theories.
The classical beam theory (CBT) developed by Bernoulli-Euler is the simplest beam theory for the analysis of thin beams. But, since the shear deformation effect is neglected in this theory, it is not suitable for the analysis of thick FG beams. When the FG beam is thick, the classical beam theory underestimates displacements and stresses. In 1921, Timoshenko has developed a theory in which the first order variation of axial displacement is assumed. Therefore, it is called as the first order shear deformation theory (FSDT) or Timoshenko beam theory (TBT). The FSDT does not satisfy the zero transverse shear stress conditions on the top and bottom surfaces of the beam. This theory also required a shear correction factor to properly account the strain energy due to shear deformation effect. Therefore, to predict the accurate bending response of thick FG beams, higherorder shear deformation theories have been proposed by many researchers. The detailed review of these theories along with their displacement model is recently presented by Ghugal (2015,2017a) . Reddy (1984) developed well known third order parabolic shear deformation theory for the analysis of composite beams, plates and shells. Benatta et al. (2008) presented a static analysis of functionally graded shear deformable beams considering three point bending. Li et al. (2010) developed the higher order shear deformation theory for bending of functionally graded beams and proved that the displacements and stresses are depend on the gradient variation of material properties. Pendhari et al. (2010) developed a simple mixed semi analytical model for 2D stress analysis of functionally graded beams subjected to transverse load and compared the results with those obtained by using Navier's closed form solution. Giunta et al. (2010 Giunta et al. ( , 2011 proposed several higher order refined theories based on the Carrera's unified formulation for the analysis of functionally graded beams. Thai and Vo (2012) studied static bending and free vibration of functionally graded beams based on various higher-order shear deformation beam theories and Navier's solution technique. Li and Batra (2013) applied CBT and FSDT for the buckling analysis of functionally graded beams of various boundary conditions. Nguyen et al. (2013) presented bending and free vibration of functionally graded beams using FSDT. Vo et al. (2014) presented static and free vibration analysis of functionally graded beams using refined shear deformation theory. Bourada et al. (2015) developed a new trigonometric shear and normal deformation theory for bending and free vibration of functionally graded beams. Simsek (2016) presented buckling of bidirectional functionally graded Timoshenko beams with different boundary conditions using Ritz method. Recently, Sayyad and Ghugal (2017b) developed a unified shear deformation theory for bending of functionally graded plates and beams and obtained closed form solutions using Navier's solution technique.
In the present study, a fifth-order shear and normal deformation theory is developed for the bending and buckling analysis of functionally graded beams subjected to transverse and axial loadings. The most important feature of the present theory is that it includes for the effects of transverse shear and normal deformations. A polynomial shape function expanded up to fifth-order in terms of the thickness coordinate is used to account the effects of transverse shear and normal deformations. The kinematics of the present theory are based on six independent field variables. The theory satisfies the traction free boundary conditions at top and bottom surfaces of the beam without using problem dependent shear correction factor. The closed-form solutions of simply supported FG beams are obtained using Navier's solution procedure and non-dimensional results are compared with those obtained by using classical beam theory, first order shear deformation theory and other higher order shear deformation theories.
FORMULATION OF THE PRESENT THEORY
A simply supported FG beam as shown in Fig.1 
Novelty of the Present Theory
The transverse shear and normal deformations play an important role in predicting the accurate structural behaviour of beams and plates made of advanced composite materials. Therefore, any refinements of classical beam theories are generally meaningless, unless the effects of transverse shear and normal strains are both taken into account. This is also discussed by Carrera (2005) and Carrera et al. (2011) . In the view of this, the present theory is having following important features.
1) The most important feature of the present theory is that it includes the effects of transverse shear and normal deformations. 2) The axial displacement in the x direction consists of extension, bending and shear components. The axial displacement is expressed in terms of polynomial shape function expanded up to the fifth-order in terms of the thickness coordinate.
3) The transverse displacement is a function of both x and z coordinates. Hence the theory is designated as the fifth-order shear and normal deformation theory. 4) The theory contains six independent unknown variables. 5) The theory enforces the parabolic variation of the transverse shear stress across the thickness of the beam. Thus, the theory obviates the need for the shear correction factor.
Kinematics
Based on the above features, the displacement field of the present theory is as follows:
where u and w are the axial and transverse displacements of any point of the beam; 0 u and w0 are the x-directional and z-directional displacements of a point on the mid-axis of the beam. The present form of transverse displacement gives bending and shear components separately to understand the effect of transverse normal deformations. x  and x  are the shear slopes associated with the transverse shear deformation whereas z  and z  are the shear slopes associated with the transverse normal deformations. Third order and fifth-order polynomial functions are assigned according to the shearing stress distribution through the thickness of the beam in such a way that shear stress vanishes at top and bottom surfaces of the beam. The nonzero strain components associated with the present theory are obtained using linear theory of elasticity.
where 
Material Gradation and Constitutive Relation
The properties of functionally graded materials vary continuously due to gradually change in the volume fraction of the constituent materials. In the present study, the material properties of FG beam are assumed to vary continuously through the thickness of the beam according to a power law distribution.
Where E is the Young's modulus. Subscripts c and m represent the ceramic and metallic constituents respectively. P is the power law index, which governs the volume fraction gradation. The variation of volume fraction through the thickness of a beam is shown in Fig. 2 . The value of P is equal to zero represents a fully ceramic phase, whereas infinite P indicates a fully metallic phase.
Through thickness distribution of Young's modulus is linear for P=1 and non-linear for P=2, 5 and 10. The poisons ratio is assumed to be constant since the effect of variation of poisons ratio (μ on the bending response of FG beam is very small. 
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Governing Differential Equations
The six variationally consistent governing differential equations of the present theory are obtained using the principle of virtual displacements.
where the symbol  denotes the variational operator. Substituting strains from Eq. (2) into the Eq.
(7) one can write where
where x N is the resultant axial force, 
The boundary conditions obtained at 0 x  and x L  are of the following form
Either 0
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Analytical Solutions
A functionally graded beam simply supported at its edges 0 x  and x L  is considered for the analytical solutions. Analytical solution for the bending analysis of simply supported functionally graded beams is obtained using Navier's solution technique. According to Navier's technique, the displacement variables are expanded into a single trigonometric series. 
where , , , 2  3  2  2  11  11  12  11  13  11  14  11  15  13  16  13   3  4  3  3  2  2  21  11  22  11  23  11  24  11  25  13  26  13   2  3  2  2  31  11  32  11  33  111  155  34  211  55   35   ,  ,  , 2  3  13  155  36  13  55  41  11  42  11   2  2  43  211  55  44  211  255  45  13  55   2  46  13  255  51  13  52  13  53  13  155   (  ) 2  54  13  55  55  155  133   2  2  56  155  233  61  13  62  13  63  13  55   2  2  64  13  255  65  55  233  66  255  233 ( ) Table 1 it reveals that shear component of transverse displacement is decreases with increase in aspect ratio. This is in fact due to, shear deformation is more pronounced in thick beams than the slender beams. Also, the transverse displacement is increases with an increase in power law index which is due to decrease in stiffness of the beam. Table 2 shows a comparison of maximum non-dimensional displacements and stresses of FG beam subjected to a sinusoidal load for various values of the power law index (P) and (L/h) ratio 5. Present results are compared with the parabolic shear deformation theory of Reddy (1984) , a unified shear deformation theory of Sayyad and Ghugal (2017b) , first order shear deformation of Timoshenko (1921) and classical beam theory of Bernoulli-Euler. The axial and transverse displacements obtained by using the present theory are in close agreement with those obtained by using other refined theories. It is observed that displacements are increased with an increase in power law index. The displacements are maximum when p = ∞ (fully metal beam) and minimum when p = 0 (fully ceramic beam). This is due to the fact that an increase in the power law index increases the flexibility of FG beam. Classical beam theory underestimates the displacements compared to first order and higher order theories due to neglect of transverse shear deformation effect. Figure 3 shows through the thickness distribution of axial stress, whereas variation of transverse displacement for various aspect ratios is plotted in Figure 4 . The variation of axial stress through the thickness of the beam is plotted in Figure 5 , which reveals that the axial stress is compressive in nature when the beam is of fully metal and tensile when it is of fully ceramic. The variation of axial stress is non-linear through the thickness for P = 1, 5, 10 and linear for P = 0 and ∞. It is also pointed out that the axial stresses in metal and ceramic beams are identical. The Fig. 6 shows through the thickness distribution of transverse shear stress, which is zero at top and bottom surfaces, but not maximum at the center of the cross-section due to continuous variation of material properties through the thickness of the beam. Table 1 : Non-dimensional bending and shear components of transverse displacement of P-FGM beams subjected to sinusoidal load. Comparison of maximum non-dimensional displacements and stresses of FG beam subjected to a uniformly distributed load for various values of the power law index is presented in Table 3 . The present results are compared with those obtained by using other higher order theories. It is observed that displacements and stresses are increased with an increase in power law index. This is due to the fact that an increase of the power law index increases the flexibility of FG beam. Displacements and stresses predicted by using the present theory are in excellent agreement with those obtained by using other higher order beam theories. Through thickness distributions of axial displacement, bending stress and transverse shear stress are plotted in Figures 7, 9 and 10 respectively, whereas variation of transverse displacement with respect to L/h ratio is shown in Fig.  8 . 
Bending of P-FGM Beam
P Theory Model u (-h/2) w (0)  x (h/2) xz  (0) 0 (Ceramic) Present ( 0) z   FOSNDT 0w (0)  x (h/2) xz  (0) 0 (Ceramic) Present ( 0) z   FOSNDT
Buckling of P-FGM beam
In this section, elastic buckling response of functionally P-FGM beam is investigated using the present theory. Non-dimensional critical buckling load obtained using the present theory is compared with that of other higher order shear deformation theories and tabulated in Table 4 . From Table 4 , it is point out that the critical buckling load decreases with increase in power law index. This is due to the fact that an increase of the power law index decreases the stiffness of P-FGM beam (see Figure 11) . Present results are compared with those presented by Li and Batra (2013) , Nguyen et al. (2013) and Vo et al. (2014) . The examination of 
CONCLUSIONS
A fifth-order shear and normal deformation theory is developed in the present study for the static bending and elastic buckling of FG beam. The theory shows fifth-order variation of axial displacement and a fourth order variation of transverse displacement. The theory satisfies the traction free boundary conditions at top and bottom surfaces of the beam without using problem dependent shear correction factor. Variationally consistent governing differential equations and associated boundary conditions are obtained using the principle of virtual work. Analytical solutions are obtained for a simply supported boundary condition using Navier's technique. Effects of transverse shear and normal deformations on the bending of FG beams are investigated. From the numerical results and discussion following conclusions are made.
Latin American Journal of Solids and Structures 14 (2017) 1893-1911
1) Since shear deformation is more pronounced in thick beam, shear component of transverse displacement decreases with increase in aspect ratio. 2) An Increase in the power law index decreases the stiffness of the beam. Therefore, displacements are increased with an increase in the power law index.
3) The variation of axial stress is non-linear through the thickness for P = 1, 5, 10 and linear for P = 0 and ∞. Axial stress is compressive in nature when the beam is of fully metal and tensile when it is of fully ceramic. 4) The transverse shear stress is not maximum at the center of the cross-section due to continuous variation of material properties through the thickness of the beam. 5) From the buckling response of the functionally graded beam, it is observed that the critical buckling load decreases with an increase in power law index and increases with increase in L/h ratio.
